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contact tunnel diodes. By these arguments it is seen that
for most high-frequency diode calculations the correction
need not be applied. Similar arguments apply when the
spreading resistance with skin effect is being considered in
a transistor, While the resistivity of the transistor material
may be one to two orders of magnitude higher than in a
microwave diode, the frequency of operation is usually two
to three orders of magnitude less than the 100 GHz figure
used here. Again the correction term should prove negligible.

1V. CONCLUSIONS

Equations for the spreading resistance of the broad area
variable-capacitance diode and the point-contact variable-
resistance diode have been derived in terms of frequency,
material characteristics (u, ¢, o), and physical parameters
(b/a) and (w/a). The results are presented in (37) and (68).

The field equations for the point-contact diode configura-
tion have been derived in terms of the oblate spheroidal co-
ordinates. It has been shown that this is the natural coordi-
nate system for such an analysis and that the spreading re-
sistance is quite readily derived in this system.

A discussion is presented which shows that the effects of
displacement current in the semiconductor are, in most in-
stances, negligible in comparison to the conduction currents.
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An Exact Calculation for a T-Junction of
Rectangular Waveguides Having
Arbitrary Cross Sections

EUGENE D. SHARP, MEMBER, IEEE

Abstract—An exact method is developed for the calculation of the
electrical performance of the rectangular waveguide 7-junction. This
method is used to find the equivalent circuit of a rectangular waveguide
T-junction in which both cross-sectional dimensions of the side waveguide
are different from the cross-sectional dimensions of the through waveguide.
The theoretical calculations for a particular T-junction of this type are
verified by experimental measurements. In this method the electrical per-
formance is analyzed by using equivalent-circuit concepts applied to wave-
guide modes to calculate an admittance matrix relating propagating and
cutoff waveguide modes to each other. Then the cutoff modes are termi-
nated in their characteristic impedance, and an equivalent admittance
matrix of the junction is found relating only the propagating modes in
each wavegnide to each other. The analysis is valid when any number of
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modes can propagate in the waveguides forming the junction. The inver-
sion of an infinite matrix is required; however, any desired accuracy can
be obtained by considering a matrix of finite but sufficient size or equiva-
lently by considering a sufficient number of cutoff modes.

1. INTRODUCTION

N THE PAST few years, interest has been shown in
J:[ waveguide filters that employ waveguides operating
below cutoff. Experimental data have been published
giving the performance of a reactive filter consisting of an
E-plane T-junction in which the side waveguide of the junc-
tion is of a smaller cross section than the through waveguide
[1]. The side arm is short circuited a distance from the
junction. This structure acts as a narrowband reject filter
with the rejection band centered just above the side wave-
guide cutoff frequency.
The same type junction has been used in waveguide low-
pass dissipative filters. Instead of being short circuited, the
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side waveguide is terminated in a matched load, and many
side waveguides are connected to the through waveguide.
At frequencies below the cutoff frequency of the side wave-
guides, the power is passed through the filter with small
attenuation. At frequencies above the cutoff frequency of
the side waveguides, power is coupled into the side wave-
guides and dissipated in the loads. Experimental data on
the low-pass dissipative filter are available [2]-[4].

A calculation of the electrical performance of the junction
used in the filters is presented in this paper. A sketch of
such a junction is shown in Fig. 1.

It is well known that the electric and magnetic fields inside
an ideal waveguide with infinitely conducting walls can be
expanded in an infinite series of the waveguide mode func-
tions as follows [5]:

E(z,y,2) = 22 0a(@) Bz, y) + 0n(@) Bun(z, 9)

n

H@, y,2) = 2, 1@ Hu(z, v) + (H oz, ) (1)

n

where E(x, y, z) is the electric field in the waveguide, H(x,
¥, z) is the magnetic field in the waveguide, and v,(2), i,(z) are
the equivalent voltage and current, respectively, giving the
field variations along the longitudinal dimension z. The
waveguide mode functions obey the following orthogonality
relationships:

ngm'EmdS = thm°thdS = an
8 I

. kcn2
szm’Eznd = - Z026mn, Omn = 1 fm=n
s k?

cn

2
e Yo%y Omn=0 ifms=n (2)

szm'HzndS = =
S

where the integrals are taken over the waveguide cross
section. The characteristic wave impedance Z,,, and the phase
constant 8, of the nth waveguide mode are defined to be

ol

,811, = (]C2 — kcn2)1/2
Bn - j(kcnz - k2)1/2
Zo = 120w, - 3)

(for propagating modes)

i

(for nonpropagating modes)

The equivalent voltage of the nth waveguide mode excited
by a known electric field can be found as

Uy = fE-E’,,,dS. 4)
s :
In a similar fashion the equivalent current is found to be

Tn =fH-HmdS. (5)
8
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Fig. 1. T-junction with side arm of arbitrary cross section.

II. FORMAL ANALYSIS OF THE T-JUNCTION

In this analysis the T-junction boundary value problem is
solved using equivalent-circuit concepts. In the T-junction
of Fig 1, terminal planes 1, 2, and 3 are shown positioned
at the mouth of each waveguide forming the junction. At
each terminal plane an infinite number of modes can exist
and an equivalent current and voltage can be assigned to
each mode. In Fig. 2 the equivalent network of the T-
junction is shown with each equivalent current and voltage
applied at a separate terminal pair. The equivalent network
can be represented by an admittance matrix Y, which is
three-fold infinite in size because an infinite number of
modes can exist at each of the three terminal planes.

The procedure for analyzing the 7T-junction is now out-
lined in matrix notation. The matrix equation relating all
the currents and voltages of all the modes at all the terminal
planes is

T = Yv 6)
where i and v are current and voltage column matrices.

Before going any further it is convenient to define two
special matrices:

0 0
1
A=
1 ,
1
0 .
1
1 0
B = 1 ) )
0 0
q

Matrices A and B have null elements except on the lower and
upper diagonal, respectively, where unit elements appear.
The dividing point is chosen so that all the unit diagonal
elements of B pertain to propagating modes and those of 4
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Fig. 2. Equivalent network of T-junction,

pertain to cutoff modes. The sum of matrices 4 and B equals
the unit matrix. Equation (6) can now be written

i = YAv <+ YBo. (8)

All cutoff modes are to be terminated in their respective
wave impedances. Physically this means that the waveguides
should be uniform near the junction so that the fields of the
cutoff modes may attenuate to a small amplitude without
perturbation. A terminating impedance matrix Z is defined
as a matrix with the lower diagonal containing the negative
of the wave impedance for all cutoff modes. The rest of the
elements in the terminating impedance matrix are equal to
zero. The negative of the wave impedance correctly termi-
nates each cutoff mode because the positive current and
voltage are chosen at a terminal in a direction representing
positive power flow into the terminal. The termination of
each cutoff mode in its respective wave impedance is ex-
pressed by the matrix equation

dv = 75 )

where Z is the terminating impedance matrix.
By substituting (9) into (8) and transposing the resulting
term we have

(1 — YZ)i = YB (10)

where 1 is the unit matrix. Premultiplying both sides of (10)
by B(1—YZ) ! we have

Bi = B(1 — YZ)~'YBy = Y (11)

which is the final form desired. Here Y'=B(1— YZ)'YB is
the desired equivalent admittance matrix relating only the
propagating modes to cach other. Now the problem is re-
duced to finding Y, taking the inverse of (1— YZ), and pre-
multiplying the result into Y.

ITI. CALCULATION OF THE INFINITE
ADMITTANCE MATRIX

The steps outlined in Section IT are now followed leading to
a calculation of the equivalent admittance matrix ¥’ by first
calculating the infinite admittance matrix Y. The admittance
element Y., where the indexes m and n go over all modes
in all joining waveguides, can be calculated by applying an
equivalent unit voltage at terminal 7 and short circuits at all
other terminals, and by finding the equivalent current flow-
ing at terminal 7. For the T-junction of Fig, 1 the procedure
is as follows. Assume, for example, that the index n of Y,
represents a mode in waveguide 1. The requirement that all
other modes be short circuited at all their reference planes
means that all the equivalent voltages at terminal planes 2
and 3 are equal to zero. According to (1) then, the trans-
verse electric field is zero at terminal planes 2 and 3. Thus,
an electric wall can be placed at terminal planes 2 and 3.
Looking into terminal plane 1, we see a length of uniform
waveguide shorted at a distance b’ from the input. The
magnetic field H, inside the shorted waveguide due to ap-
plication of a unit voltage in mode n at terminal plane 1 is
easily calculated. The admittance element Y,.,, being equal
to the current at terminal m due to the excitation of the
magnetic field H,, using (5) is

Ymn = f :t Htm'HndS. (12)
8

m

The correct sign for H,, must be chosen depending on the
terminal plane. If the direction of positive power flow is
into the junction according to the coordinate system, then
the positive sign is chosen; otherwise the negative sign is
chosen.
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The self-admittance elements at terminal plane 1 are
equal to the admittances of a short-circuited waveguide.
TEmrnr(l) TEmn(l) TEuwn TEmn .
( | Y| ) = - < |5 )JYO
T™ ™ TM T™M
n @/ k6
'{6 / }C"t B, (13)
k/ Bmn®

where

TEme, |, TEna
()

T™ T™

= 1if all to left and right of 6 is equal
= 0 if not.

Because of the symmetry of the T-junction, the self-admit-
tance elements for terminal plane 3 are equal to the self-
admittance elements of terminal 1 given in (13). The transfer
admittance element referring terminal planes 1-3 is found
to be the transfer admittance of a uniform length of wave-
guide excited with one mode as follows:

rrEm’n' ® TEmn(l) . 6mn(1)/k
o™ ™ )=
™ ™ ¥/ Bum®
[ bl] <TEm’n’ l 5' TEmn) (14:)
cse an(l) TM TM .

To calculate the transfer admittance between terminal
planes 1 and.2, (12) is used retaining the negative sign

TEMN(Z) I Y‘ TEm’rL(l)
(TM ™ )
a’+e b’
= — f dx dZHtTEMN(z) (27 $)
c 0 ™
'HTEM”(I) (x,b,2), (15)
™™
where
Hrg,,
™

is the magnetic field excited inside the cavity by the applica-
tion of unit voltage at terminal plane 1. The following re-
sults when the integrals are evaluated:

where
€mn = \/5 '\/2_6_m0—67:;)-

Equation (16a) is interpreted as follows: if the transfer
admittance between two TE modes is desired, then use the
upper left factor of the two-by-two lattice: if the transfer
admittance between two TM modes is desired, then use the
lower right factor of the lattice. The transfer admittance be-
tween a TE and TM mode is found by using the lower, left
or upper right factor of the lattice. Equation (16a) is valid
for all modes except those where both M and m are zero,
in which case (16a) is seen to be indeterminant. The following
is valid when both M and m are zero.

(TEw® | Y| TEww) = Neg
k+/aa’bb’ (_1;'2— — B%® )

(M =m =0). (16b)

The symmetrical admittance element to (16) can be calcu-
lated by applying unit voltage in the mode at terminal
plane 2, with electric walls at terminal planes 1 and 3. The
typical case is shown in Fig. 3 in which unit voltage is
applied in the TE1,® mode at terminal plane 2, and electric
walls are placed at terminal planes 1 and 3. An E-field is
applied in an aperture of smaller cross section than the
cross section of the attached waveguide cavity, and an infi-
nite number of waveguide modes propagating in y-dimension
are excited by the applied E-field. After making the required
calculations, it is found that the symmetric admittance ele-
ments are equal, as required by reciprocity.

According to (12) the self-admittance elements at ter-
minal plane 2 are

TEx x:®
(o™ 17

TEan®
™

a'+c b’
= — f dz dZHtTEM:N/(z) (Z, .’1))
(4 0 I

™

'HTEMN@) (x; b: Z), (17)

™
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Fig. 3. T-junction with TE;, mode excited in side waveguide aper-
ture and electric walls at terminal planes 1 and 3.

where
Hop, @
T™
(x, b, 2) is the H-field excited in the waveguide cavity of
Fig. 3 due to application of unit voltage at terminal plane
2 in the waveguide mode

TEun®.
™™

Evaluating the integrals of (17), and after some algebra,
the following results:

SHARP: T-JUNCTION OF RECTANGULAR WAVEGUIDES

113

The calculation of the transfer admittance elements be-
tween terminal planes 2 and 3 follows steps very similar to
the steps leading to (14). The result as expected from the
symmetry of the junction is the same as (14) except for the
sign

Y| Re

<TEmn(s> l

TEMN(2)> <TEMN(2)
™ a

TEmn(:x))
™™ ™

™

TE,..a TEuye
= (__)N+1< @ | Yl MNU). (20)

™ T™

IV. NUMERICAL CALCULATIONS

In order to check the calculations presented in this paper
with existing theoretical calculations and experimental re-

"sults, some calculations have been made for the 7-junction

with common side walls when o' =a. These calculations are
compared to the calculations and experimental values deter-
mined by Allanson, Cooper, and Cowling [6] for an E-plane
T-junction. In this junction the dimensions are as follows:
a/b=a/b’=2, and it is assumed that the TE,; mode with
the E-field polarized perpendicular to the x-coordinate is
the only mode that can propagate in each of the waveguides.
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™ ™ U2 = w0, ok 0@k i B
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If in the above expression we let ¢ approach zero and let &’

approach g, then (18) simplifies to

(TEM,N,@) l Y| TEMN‘”)
™™ T™
TEMIN/ TEMN .
™ ™
6MN(2)/]€}
. t 2b. 19
{k/BMN(2) cot Bune (19)

The calculated equivalent admittance parameters of the
E-plane T-junction are shown in Table I. These parameters
were calculated by considering the first six cutoff modes in
each waveguide forming the junction and are estimated to
be accurate to within one percent.

The calculated positions of the reference planes are tabu-
lated in Table II along with the calculated and measured
values found by Allanson, Cooper, and Cowling. The agree-
ment is seen to be excellent, and it can be concluded that the
method of analysis presented here is verified by independent
theoretical and experimental results.



114

IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES

FEBRUARY

TABLE 1

EQUIVALENT ADMITTANCE PARAMETERS OF E-PLANE
T-JUNCTION FOR a/b=a/b’' =2

b/N, Yu'/Ye Y1.'/ Y, Y1'/ Y Y2/ Yo
0.05 —j0.606 jO.624 j0.633 —j0.608
0.15 —j0.396 70.544 j0.618 —j0.414
0.25 —j0.067 70.446 j0.651 —j0.119
0.30 70.142 70.402 70.714 —j0.061
0.35 70.410 70.362 70.843 70.279
0.45 71.725 70.291 71.896 71.197
0.49998 7192.3 70.255 7192.4 7102.1
TABLE II TABLE 111
CALCULATED REFERENCE PLANES OF E-PLANE 7-JUNCTION FOR MEASURED AND THEORETICAL POSITIONS OF
a/b=a/b’' =2 COMPARED TO THOSE MEASURED AND CALCU- REFERENCE PLANES FOR THE T-JUNCTION
LATED BY ALLANSON, COOPER, AND COWLING (ACC) a=1.372 inches, b=0.622 inch, ¢=0.236 inch,
a’=0.900 inch, 5’ =0.400 inch
Calculated by Measured by
b/, PN | P/ ACC ACC Measured Theoretical
N 2a
P/ D2/ P/ P2/ Ny /At P2/ Aoz Pi/Aa D2/ Ags
0.05 0.254 | 0.244 0.254 0.244 — — 0.62 0.166 0.202 0.166 0.199
0.15 0.260 | 0.230 | 0.261 0.231 — — '
0.60 0.162 0.201 0.162 0.197
0.25 0.265 | 0.209 | 0.266 0.210 — — i
0.55 0.149 0.190 0.149 .180
0.30 0.266 | 0.193 0.267 0.194 — — 0.50 0.129 0.160 0.133 0.152
0.35 0.267 | 0.172 | 0.267 0.173 — — 0'42 0'107 0.058 0.101 0.050
0.45 0.263 | 0.098 | 0.263 | 0.098 — — : ) i
0.49998 | 0.250 { 0.001 — — — —
0.50 0.250 { 0.000 | 0.250 0.000 — —
0.198 — — 0.263 0.221 0.268 0.228 . . .
0.303 — — 0.266 0.193 0.278 0.197 waveguide passes through infinity at the cutoff frequency of
0.397 — — 0.267 | 0.144 | 0.268 | 0.130 the side waveguide. Far below the cutoff frequency of the
0.43 B - 0.263 0.116 | 0.267 0.116 side waveguide, most of the power is transmitted past the

Numerical calculations of the equivalent admittance ma-
trix ¥” are now made for a particular 7-junction of the type
that is shown in Fig. 1. The side waveguide is assumed to be
centered with respect to the broad wall of the through
waveguide; and the dimensions (inches) of two standard
waveguides are chosen as follows: a=1.372, 5=0.622,
@’ =0.900, b'=0.400, and ¢=0.236. Over the frequency range
considered, the TE; mode is the only mode that can propa-
gate in each waveguide. Below the cutoff frequency of the
side waveguide the T-junction is equivalent to a two-terminal-
pair network, and above the cutoff frequency on the side
waveguide the T-junction is equivalent to a three-terminal
pair network.,

The calculated values of the equivalent admittance param-
eters are plotted in Figs. 4 and 5. The first five modes below
cutoff in each waveguide were considered in these calcula-
tions. It is estimated that the admittance parameters plotted
in Figs. 4 and 5 are accurate to within about two percent.

The scattering matrix of this junction is plotted in Figs. 6
and 7. Note that | Su|, which is the amplitude of the reflec-
tion coefficient seen at terminal 1 when matched loads are
placed in waveguides 2 and 3, goes through unity at the
cutoff frequency of the side waveguide. This is because the
side waveguide is electrically in series with the through
waveguide and because the wave impedance of the side

junction. Just above the cutoff frequency of the side wave-
guide, power is strongly coupled into the side waveguide
and very soon almost one-half of the power incident in the
through waveguide is coupled into the side waveguide.
Then as the frequency is increased, the coupling between
the through and side waveguides decreases gradually to
zero as the cutoff frequency of the TE;; and TMy; modes in
the through waveguide is approached. At this cutoff fre-
quency the other scattering coefficients approach either zero
or one; this is to be expected because at their cutoff frequen-
cies the TE;; and TMy; modes place infinite and zero imped-
ance, respectively, across their respective terminals.

Experimental measurements of the electrical parameters
of the T-junction were made in order to check the theoretical
calculations. The reference plane positions were measured
at several frequencies above the cutoff frequency of the side
waveguide. The position of the reference planes so measured
is shown in Table III with the theoretical values. The agree-
ment between the measured and theoretical positions of the
reference planes is seen to be quite good.

Measured values of reflection coefficient amplitude look-
ing into terminal 1 are shown in Fig. 6 for frequencies less
than the cutoff frequency of the side waveguide, in excellent
agreement with the theoretical results.

Generally, the comparison between the experiment and
theory is quite good and it can be concluded that the theory
has been well verified by experimental measurements.



1967

i1.0

©
®
EENEm

|
|

jo.6 T 1

+H
i
1

WﬁAM

j0.4

=
T

A

jo.2

Z  joo

-jo.2 T

-j0.4

-j0.6

-j0.8 T

-jt.o & T

1.0 0.9
a=1.372 inches a’20.900 inch
b=0.622 inch b’=0.400 inch
¢=0.236 inch

Fig. 4. Equivalent admittance parameters of the 7-junction for fre-
quencies below the cutoff frequency of the side waveguides.

i.0 s T RENEEESRNN R 14
T n| T
N T )
- i A O O
! H = THEORY
e oA |88 I o EXPERIMENT
o ]
0.8 I \{
H “_,_
i} . )
T V4 T
~ i ! H-HH i -
~ os A T
= i >
o Ells,a B
@ Tk y, N ]
o
o B | W
i . AT
» i i i
— i i . )
i T T T
T | i 1]
- . o ; NEB
H Il
-
T L
N
(S i
T
=H
EEREE
o
I, N 0.6 0.5 0.4
A
a= |.372 inches a”=0.900 inch T
b=0.622 inch b’=0.400 inch
c=0

.236 inch

Fig. 6. Magnitude squared of the scattering parameters
S11 and Si3 of the T-junction.

SHARP: T-JUNCTION OF RECTANGULAR WAVEGUIDES

115

jla

T
T

~<
X
el

jo.6

jo.4

jo.2

jo.o

-jo.2 ‘\ I L

T

-10.3 HHHHH HH

2a - =!
1

-jo.6
1.0 0.9 0.

w 1!
o

S

14

(2]

o

[ N

0.4

a= 1,372 inches a’
b=0.622 inch b’
¢=0.236 inch

=0.800 inch 2o
=0.400 inch

Fig. 5. Equivalent admittance parameters of the T-junction for fre-
quencies above the cutoff frequency of the side waveguide.

1.0 0 A 0 1 O M S
H ] 1 S i T |
_$ ] \’ i L =
] S22l :

i H
1
| I / I
\] ! e ! ! .
T i i ] T
! ] ! ]
]
! ]
» i i
B
N S| !
EcSinERcd: | geics dsisecant
EEifisacesRcisacs Geasiny aamevaissaicd
1 I I N ! wy
1] |
i i
T R AN
] T e T T T
T AN i i N
] | [ I I I [ A W
! T | N
_7L,,
N
1
=1 I I i I i |
o b i i i il
1.0 0.9 0.8 0.7 Q.6 0.5 0.4
a= 1,372 inches a’=0.900 inch —;T-
b= 0.622 inch b’=0.400 inch

c= 0.23& inch

Fig. 7. Magnitude squared of the scattering parameters
Si2 and Ss. of the T-junction.



116

V. CONCLUSIONS

An exact method has been developed for analyzing the
electrical performance of a rectangular waveguide 7-junc-
tion in which the cross-sectional dimensions of the side
waveguide are different from the cross-sectional dimensions
of the through waveguide. The formulas derived from the
equivalent admittance matrix of the T-junction are general
in that they apply to any right-angle rectangular waveguide
T-junction; the side arm of the T-junction may be placed in
any position in either the broad or narrow wall of the
through waveguide provided that all waveguide surfaces are
either at right angles or parallel to each other. This method
requires the inversion of an infinite matrix; however, any
desired accuracy can be obtained by considering a matrix of
finite but sufficient size. Numerical calculations for two par-
ticular T-junctions showed that accuracies of about one-half
percent can be achieved using matrices of reasonable size.

The method developed here is quite versatile and can be
applied to the analysis of other rectangular waveguide dis-
continuities or junctions for which no exact analysis is
presently available. Two examples of such junctions are the
sudden change in both cross-sectional dimensions of a
waveguide or a right-angle junction of more than three
waveguides.
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